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Abstract 

This paper considers the Cauchy problem of equations for the viscous compress¬ 
ible and heat-conductive fluids in the two-dimensional(2D) space. We establish the 
local existence theory of unique strong solution under some initial layer compat¬ 
ibility conditions. The initial data can be arbitrarily large, the initial density is 
allowed to vanish in any set and the far field state is assumed to be vacuum. 


1 Introduction 

The motion of a compressible viscous, heat-conducting, isotropic Newtonian fluid 
in the two-dimensional(2D) space is governed by the following system of equations 
(cf. [9l[23]) 

' pt + div(/9u) = 0, 

< -b div(/?n (8) u)-b VP = -b (/r-b A)Vdivu, (11) 

Cv [{pG)t + div{pu6)] + Pdivu = kA9 -b h |Vu -b -b A(divu)^, 

where x G > 0, the unknown functions p{x,t),u{x,t) and 6{x,t) denote the 

density, velocity and absolutely temperature, separately. The viscosity coefficients p 
and A satisfy the physical requirements ^ > 0 and /r-bA>0;K>0is the heat- 
conduction coefficient, and c„ > 0 denotes the heat capacity of the gas at constant 
volume. 

In this paper, we focus on the polytropic fluids so that the pressure 

P = Rp9, (P>0). (1.2) 

We aim to develop a local existence result of strong solutions to the Cauchy problem 
of Eas. fjl.ip with the far field behavior 

(u, 0)(x, •) —)• 0, as |x| ^ oo (1.3) 

‘This work is supported by National Science Foundation of China under grant No.11301422. Mailing 
address: zhilei0592@gmail.com (Z. Liang). 
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and the initial functions 


(p, U, 0) (x,t = 0) = (/9o, uo, ^o) (x), (1.4) 

As one of the most important systems in continuum mechanics, there is a vast litera¬ 
ture studying the existence of solutions for Eas. dl.ip with various boundary value condi¬ 
tions. When the density leaves vacuum, the global solutions and the large time behavior 
in ID case has been well-studied extensively by many mathematicians, see [HIMMIJIT] 
and the references therein. For high dimensions, the local existence of classical solu¬ 
tions was obtained by Nash m and Serrin |28j . respectively; Matsumura-Nishida |24j 
showed the global existence of solutions in case of the initial data has a small distur¬ 
bance around a non-vacuum equilibrium. If the initial density need not be positive 
and may vanish in open set, the global large weak solutions was first addressed by Li¬ 
ons [23] for isentropic flow when the adiabatic exponent 7 is large. Later, the restriction 
on 7 was relaxed by Feireisl-Novotny-Petzeltova m- If the temperature function is 
involved, we refer to [7] by Bresch-Desjardins and [9| by Feireisl for the global existence 
of weak solutions under different technique assumptions. 

When it comes to the strong/classical solutions in the presence of vacuum, we refer 
to the papers |3H5] by Kim-Cho-Choe. In particular, for bounded or unbounded 3D 
domains, they obtained the local existence and the uniqueness of Eqs. fll.lj) by imposing 
some initial compatibility conditions to remedy the degeneracy in time evolution in 
momentum equations (or energy equation), and derive the estimate for ut ( or 9t) in 
terms of || Vut 11^2 ( or ||V 6 't||i 2 ) and Sobolev embedding inequalities. Huang-Li-Xin [16] 
proved that if the initial energy is small, the classical solution of the 3D Cauchy problem 
for the barotropic compressible flow exists globally in time. 

However, the method developed in [3H5] fails to deal with the existence of strong/classical 
solutions in unbounded 2D domains. The reason is that the dimension two is critical 
and thus, it is hard to bound the L^-norm of u (or 6) just in terms of the L^-norm of 
the gradient of it. Recently, Li-Liang [18] proved the existence of unique strong and 
classical solution to the 2D Cauchy problem for the barotropic compressible flow. See 
also the paper [20] for the incompressible case. In |18ll20j we assume that the initial 
density has a quite decay when the spatial variables tends to inhnity, and thereby, we 
estimate the momentum pu instead of velocity u itself. The key tool in the proof is the 
"Hardy type and Poincare type inequalities. 

For the fully compressible Navier-Stokes Fqs. fll.lh . as far as we know, the existence 
of strong solution for 2D Cauchy problem is not available up to the publication. In 
this paper, we want to establish the local existence and uniqueness of strong solution 
to Eqs. o with the structural conditions ([L2D-([L1D. The theorem below states our 
main result 

Theorem 1.1 Define 

X = {e + ln^’''^“(e -|- \x\^) (1.5) 

for some small rjo > 0. Suppose the initial functions in m satisfy 

0 < x^po G n iy^’'?(M2), G 

y/p^uo G l2(]r2), x5Vuo G L\R^), V^uo G l2(m2), (1.6) 

^00 G V0O G H\R^) 
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for numbers a E (1,2), b E (0, |) and q E (2,oo). Suppose in addition that the initial 
compatibility conditions 


- p,Auo - (/u + A)Vdivtio = ^/^gl (1.7) 

and 

- kA9o - ^ \ Vuo + (Vuo)*'’!^ - A(divtto)^ = ^/^g 2 (1-8) 

hold true for some gi, g 2 ^ L^(M^). 

Then there is a small T* > 0, such that the Cauchy problem (inD-diiD has a unique 
strong solution {p,u,9) over [0,T*] x with properties 

'x^p E (0,r*;Li(R2) n W1’'?(R2)) , e (0,T*;L2(r2)) , 

pE C([0,r*];Li(R2)n77HR2)niyi’''(R2)) , 

^pu, Vp0EL-(O,r*;L2(R2)), 

< xiVu E (0,r*;L2(M2)) , V0 E L°° (O, T*;/^^(R^)) , (1.9) 

Vpn, VP0G^°°(O,r,;L2(R2)), 

V20 E L°° (0,r*;L2(R2)) nL2 (O, T*; L'?(R2)) , 

yii, ve E l 2 (o,t*;l 2 (r 2 )) , 

where f = ft + u ■ V/ is the material derivative of f. Moreover, 

with Bji* = {x E R2 : |x| < R*} and R* being a large number. 

Some remarks are in order: 

Remark 1.1 In contrast with the isentropic flows (See the initial compatibility 

conditions dEZD-dllD can not be removed even we are seeking for strong solutions to 

Egs. lfTT]) . 

Remark 1.2 Although we are focused on the perfect gas, the proof applies to more 
general state of equations 

after some additional assumptions and slight modifications. 

We are motivated by the papers 13H5] by Kim-Cho-Choe, as well as our previous 
works [T8ll20ll2i] . Our approach is to construct the approximate solutions to Eqs. dni) 
with positive density in any bounded balls and then by the domain expansion 
technique. As already mentioned, the arguments in [3H5] fail for unbounded 2D domains 
when the far field density is vacuum. In the light of |18ll20j . we assume a weighted 
initial density so that we can bound the weighted L^-norm of velocity u in terms of 
||Vtt ||^2 and ||^/pti||L 2 . However, the involvement of energy equation, especially the 
quadratic nonlinear term of which, makes the problem much complicated and thus, the 
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proof in [181I20| can not be generalized in a parallel. For example, if we first multiply 
Eg. dl.ip n by 6 and obtain 




0 |Vup + other terms, 


we should impose additionally a weight on Vu (or else, on 6) to deal with f 0 |Vup. 
Next, if multiplied by 0 in Ea. dl.lD o. it gives 

iiv0iii.+ 

Jo 

< CW^piiWl, + f llVnlll^ + + ... (see mM)- 

Jo Jo 

But when we multiply Eas. (|l.lll n by ft, it turns out that 


WVp'^W'l^ + [ II^'“IIl2 

Jo 

<C\\p\\l^ f ||Vp 0||^2 + / (...)(||V 6*||^2 + ||•v^^^||^ 2 ) + ... (see ( | 3.22p ), 

Jo Jo 

that is, ||Y^ft||L 2 depends on ||V 0 ||j ;^2 and vice versa. Fortunately, the strong coupling 
of energy and velocity fields is at a different level. With such observation, we follow the 
Hoff’s work in m and start with the basic energy estimates on both the (weighted) 
velocity and the temperature, as well as their material derivatives. Finally, combining 
such ideas with those due to [ll[5l|T8l|2T], we achieve the desired a priori bounds on 
approximate solutions and the weighted density and the gradient of velocity, where all 
these bounds are independent of either the size of Bn or the lower bound of density. 

The rest sections 2-4 are as follows: In Section 2, some useful lemmas are displayed, 
the Section 3 is devoted to obtaining the needed a priori estimates; and in the final 
Section 4, we complete the proof of Theorem 11.11 


2 Preliminaries 

We begin with the local existence results of Eqs. ljl.ip in bounded balls Bn = {x £ 
: |x| < if} with strictly positive initial density. The proof is similar to that in the 
paper [5] by Cho-Kim. 

Lemma 2.1 Assume that 

Po € H^{Bn), inf po(x) > 0 , uq, 6o £ Hq 0 H‘^{Bn)- 
x£Bu 

Then the Eqs. (HTD with the boundary conditions 

' {p, u, 9){x,t = 0) = (po, uo, 9o){x), X £ Bn, 

< u{x,t) = 0 , X £ dBn, t > 0, 

^9{x,t) = 0, X £ dBn, t > 0 

has a unique strong solution over Bn x [0, Tr] for some small Tn > 0, satisfying 

p£C {[0,Tn];H‘^) , p{x,t) > 0 on Hr x [0,rR], 

< u,9£C{%Tn]■,Hlr^H^)r^L^{Q,Tn■,H^), ( 2 . 3 ) 

ut, 9t £ (0, Tr; n (O, Tr; Hi) . 


( 2 . 1 ) 


( 2 . 2 ) 
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The following Gagliardo-Nirenberg inequalities will be used frequently throughout 
this paper. 

Lemma 2.2 fill[77} / Let n C be a bounded or unbounded domain with piecewise 
smooth boundaries. It holds that for any v E W^’^{LL) H 

ll^llLP(n) — C*! (2-4) 

where the constants Ci{i = 1 , 2 ) depend only on p,q,r,j] and the exponents 0 < 7 < 1 , 
1 < g, r < 00 satisfy i = 7 (| - ^) + (1 - 7 )! and 

f min{r, <p< max{r, ^}, if g < A^; 

< r < p < 00 , ifq = N; 

r < p < 00 , if q > N. 

Moreover, Ci = Q in case of v\qq, = 0 or J^vdx = 0. 

As an application of (12.41) for either = R^ or Q = Br, we have 

ll^^llLp(n) < C||!.|||,,„)I|V.,|I7,„,, Vp€[2,oo). (2.5) 

and 

ll?^llL-(n) < C'||u||i 2 (t^) + C\\v\\^j^f~Q) , V g E ( 2 , 00 ), (2.6) 

provided the quantities of right-hand side are finite. 


The next lemma provides an estimate on weighted L^-norm for elements of the 
Hilbert space = {u E : Vu E L‘^(Ll)} with either 11 = R^ or 11 = 

Br{R>1). 


Lemma 2.3 For given numbers m E [2, 00 ) and 6 E (2, 00 ), there exists a constant C 
such that for any v E T>^’^(11) 


/ r __ 

\Jq, (e + |xp) ln^(e + \x\‘^) 



1/m 




(2.7) 


Proof. In |22[ Theorem B.l], Lions originally proved (12.71) if 0 E (1 + ^, 00 ). Here we 
present an alternative approach and show that the (j2.7p is in fact valid for all 9 E (2, 00 ). 
Express the left-hand side of (12.71) as 

j ,j A f I^BiT . f Iv-VB^r 

782 (e-|-|xp) ln®(e-|-|xp) /rz (e-|-|xp) ln®(e-|-|xp) ’ 


where ubi = v{x)dx and |Hi| symbols the measure of disc Bi with radius r. 

First, it satisfies for 0 > 1 


h < \vb 


\m f 

/ 


(e + |xp) Im (e -|- |xp) 


<C\\v\ 


m 

Li(Bi)- 


Next, putting \ B 2 k-i, we decompose 


h 



00 


+E 



V - VBi 


m 


(e -h |xp) ln®(e -|- |xp) 


( 2 . 8 ) 


(2.9) 
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By the definition of BMOm space ( [2S1 Chapter IV]), one has for all m G [l,oo) 


/ 




'L 


<C \v - VB,r < C\\v\ 


SMOm ( R2 )- 


( 2 . 10 ) 


/bi (e + |xp) ln®(e + |xp) Jbi 

Let us deal with the remainder terms of (|2.9I) . Since (e+|xp) ln®(e+|xp) > 4*^^ ln®(e+ 
4^“^) for all X G T^. Then, 

f \v — VBi\^ . 1 


< 


JTk (e + |xP) ln®(e + |xP) 4(^“^) ln^(e + 4*^“^) 
On the other hand. 


J's^k 


\V - VBi\ 


( 2 . 11 ) 


’B. 


2 '= 


cr < / 

JE 


V-VbA < \v- UR , I + / |us,, - VB, 


L 


— 1-^2'= I II^IIbmO„ 


1 = 1 


( 2 . 12 ) 


< \B2k\{l + 4:k)\\v\\'^jyjQ^ 
where the last inequality comes from 


\VB^^ - VB^^_l\ = 




< 


\B 2 k-l 

r^f 

\B2k-l \ Jb,. , 




(Holder inequality) 


VB,k -VB^^_,r < 4||u| 


1 ^ 2 '=! Jb^, 

The combination of (I2.12p and ()2.1ip guarantees 
f Iv-VBi"^ 


BMOm(R‘^)- 


I t ^ \ \2\-\ eI I I |2^ - 

'T, (e + |a:p) In (e + |xl^) ^ ' 


where satisfies 


4*]—1 ln®(e+4*'“l) 


In conclusion, we have 


j 207r, A: = 1, 

Ck ^ \ 647r i- > 9 

I ^ ^ 2 :. 


L (e +1.4=) l-T + 14 =) ^ S « S C|| 4 ISmo„(.=). 

where we have used Ck < 00 because of 0 > 2. This and inequalities (I2.8p - (l2.10p 

ensure that 

[ / I 12 'iV^i -1-1 \ 2 '\^^ - ^ll'^llBA4'Om(R2) + (2-13) 

iR 2 (e + |x|2) In (e + lx|2) rny , y ij 

On the other hand. Utilizing John-Nirenberg Lemma ( [25] Page 246]) and Poincare 
inequality give rise to 

IbllBMOmfR^) — C'||u||bmo(r2) < C'I|Vu||2,2(r2), 
which together with (12.131) give birth to the desired (12.7|) . 
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Remark 2.1 For the particular case m = 2, we may choose 9 = 2 in (I221). Indeed, 


(1 — 

IrcP In^ IxP 


= 2 


(1 — (l)^){x ■ V)v ■ V 
IxP In IxP 


/ 


,4„2 


X ■ V(j)^v 
Ixp In IxP 


< 


(1 - cj)^y 


Ixp In^ lx 


2 I |2 ^II^^IIl 2 (R 2 ) + C 


'{2<|a;|<4} 


where the cut-off function is defined in ([33]). However, whether 9 = 2 holds true 
or not for m> 2 is not clear. 

An important usage of Lemma 12.31 is the inequalities (j2.15p and (|2.16|1 below, which 
plays a critical role in our analysis. 

Lemma 2.4 Let r]Q,x be as in (II3]), and n = or Ft = Bji (R > 1). Suppose a 
nonnegative function p G L^{Ft) n L°°{Ft) such that 


/ pdx > M > 0, A^i G [1, R). 
Jbat. 


Then it satisfies that 

^IIl2(0) < C {\\y/pv\\L2(^Q^ + (l + IIpIIl°°( 0)) ll^'f^llL2(o)) 

and that, for any 77 G (0,1] 

11^^ ^ C' (II Vpu 112 , 2 + (1 + ||/5||L°°(r2)) ||Vu|| 2 , 2 (q)) , 

where the constant C depends only on M. A'l. un. u. 


(2.14) 


(2.15) 


(2.16) 


Proof. As in [211 Lemma 2.4], we set | lblli2(Bjv )• Utilizing (|2.14|) . Poincare 

and Holder inequalities, we have 


M 


?;|li 2 (o )</ p(u 2 -u 2 ) + 


pv 


IB 


JVi 


tBjVi 


< U||p||Loo|||u||Vu|||il(B^J + / pv"^ 

J Bf^.^ 


i.e. 


lL 2 (n) — 


< C 


\H{n) + IIA^IIl°°(o) I 

Insert it back into (12.7p yields the required ()2.15p and (I2.16p . □ 

The following regularity theory for elliptic equations are also useful. 

Lemma 2.5 If V, w & n W^’P{Bji) satisfy respectively 

f — pAv — (/i + A)Vdivu = F, in Br, 

I u = 0, on BBr 


iII^^IIl2(o) I • 


(2.17) 
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and 


in Br, 
on OBr. 


j — K,/\w = G, 

j w; = 0, 

Then for given funetions F, G G LP^Br) with p G (1, +oo), the inequalities 

< C\\F\\L.i^B^) and < C\\Gh.(^B^) (2.18) 

are fulfilled, where integers k >t), and the G is independent of R. 

The final lemma of this section is responsible for the Caffarelli-Kohn-Nirenberg in¬ 
equality in 

Lemma 2.6 Given v G the inequality holds true for b G (0, 2) 

[ ^ < 46-2 f \x\^\Vv\^ (2.19) 

where the constant 46“^ is optimal. 


3 A priori estimates 

Let p G [1, oo] and k = 1,2. The simplified notations for Lebesgue and Sobolev spaces 
are used for convenience in this section. 

[f=[ fdx, LP = LP{Br), W’^’P = W'^’P{Br), H^ = W'^’\Br). 

J Jbr 

In addition to (12.11) . assume there is some large i?o G (1, ) such that 

\\Po\\f{Br^) > 2 ' ( 3 - 1 ) 

By Lemma l2.ll the initial-boundary-value(IBV) problem (|l.ll) . ()2.ip - (j2.2p has a 
unique strong solution {p, u, 6) over Br x [0, Tr\ for some Tr > 0. The goal of this 
section is to prove Proposition 13.II below, the a priori estimates for {p, u, 9) which are 
independent of R and the lower bound of the initial density. 

Dehne 

V>(t) =1+ sup + I|Vv/IV||l 2 + ||^^Vu||i 2 ')/ \\Vu\\lg (3.2) 

0<s<t ^ Jo 


and 

£o —ll^“Po||LinVKi.9 + ||VV®“Po||l2 -I- \\^/poUo\\L'2 + ||\/^^o||l2 

||xtVuo||L2 -h ||V2 'Uo||i, 2 -h IIV^oIIhI + I|5i||l 2 ||ff2||L2, 

where the constants a, b, q, and the functions gi, g 2 are assumed in Theorem ll.il 
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Proposition 3.1 Let {p,u,9) be solutions to the IBVproblem (|l.ll) . (|2.1I) - (I2.2|) . There 
is a small time T* > 0 depending only on p, A, n, Cy, a, b, 770 , q, Rq and Sq such that 

■0(7"*)+ sup {\\y/p9\\L‘^ + \\^‘^u\\i 2 + \\V9\\iji + \\y/pu\\i 2 + \\y/p9\\i,2\ 

0 <t<T, ^ ' 

+ {\\Vu\\l, + \\V9\\l, + \\vM\l, + IIVullioo + ||0||i^) dt 

where, and in what follows, the C symbolizes a generic constant which may depend on 
fi, X, K,Cy,a,b,r]Q,q, Rq, £q and T*; additionally, we use Ca to emphasize that C relies 
especially upon a. 


The validity of (13.3p follows directly from Lemmas 13.2113. 81 below, whose proof are 
divided into two steps. 

Step 1. The bound of ^jJ{t) in a short interval. 

First of all, the momentum Eas. (|l.ip n and the energy Eq. dnps provide for all t > 0 

{x,t) = j Qp|up + (x,0) < Cso- (3.4) 



Refer to |29l page 5], we introduce the function G which satisfies 

J 0 < 0'^ < 1, 4>^ = 1 in Br, (j)^ = 0 in M?\Bii, 

[ |VV-^I < CR-’^, fc = 1,2' 

By ()3.4I) . one calculates from Ea. dl.ip ^ that 

= I pu- > -C\\p\\l, W^puWl^ > -C. 


Using (j3.ip and selecting Ti = min{l, (4C) ^}, it satisfies 
^ ‘ p(l?^° 


inf 

0<t<Ti 


/ p > inf 

0<t<Ti. 


> 


B2Rq 

i2Ro 


'B2Rq 


P^^^m -CT,> [ PQ-Cn>]. 

Jbr^ ^ 


Inequalities (j3.2p . (13.4p . p3.6p and Lemma ITTI imply for any t G [0,ri] 

|| rix ~^|| 2,2 + || tta :~’^||^2 < Cr^ilP‘{f) 

and 


\\9x-^\\l2 + ll^x-’^ll J < {\\^p9\\l2 + \\V9h2) , 


where r/ G (0,1]. 


(3.6) 


(3.7) 

(3.8) 


Lemma 3.2 Let {p,u,9) be solutions of (jl.lj] . (j2.ip - (j2.2p . Then for t G [0,Ti] 

40 

< C^'(l + \\Vu\\L^)\\^p9\\l2+C (^||^i,||^, +^ 12 ) +c. 


(3.9) 
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(3.10) 


Proof. Multiplying Ea. (|l.ll) n by 0 yields 

y ^ + «/ <C I {p6^\Vu\ + 0|Vn|2) . 

By virtue of (j2.18p . (I3.2p . (j3.8p . it follows from Eqs. ljl.ip ^ that 

\\vMl^ <ci\\puh^ + \\pveh 2 + \\9vph2) 

< WVp^Wl^ + Cf;\\Ve\\L2 + C\\x^p\\wi,,\\x-^6\\ 2 , 

< Ci;-2 W^uh^ + (WVpOWl^ + l|V0||i2), 


which, along with (12.51) and (13.2E shows for r E [2, 00 ) 

2 r-2 


\\Vu\\Lr<C\\Vu\\l,\\Vu\\^\ 

r + 2 2(r-l) 

<CV’ + CV>^|IVp«IIl2 +cf; 


i\\VpO\\L2 + \M\\L^y-^ ■ 


This combines with (13.21) . (13.81) and Holder inequality conclude 


C [ 9\Vu\‘^ <C\\ex-^\\ 8||x3|V7r|f le 

J LH 

<C\\9x-^\j\\x-2Vuh2\\Vu\\^^ 

<Cf;^\\^9h2 + \\V9U2)\\Vu\\^^ 

< £ {WVpOWh + \m\h) + CsWVp^l^ + 


(3.11) 


(3.12) 


(3.13) 


Substituting p3.13D into (|3.1UI) and choosing e small yield the required (|3.9p . 


Lemma 3.3 Let {p,u,9) be solutions of (jl.lh . (l2.ip - (l2.2h . Then for t E [0,Ti] 

WVp^WI^ + ||V6(|||2 + (||V6(|||2 + \\^/p9\\j^2^ 

< Ci;^^{t) + CW^itWi, +C (||Vn|||2 + W^piiWl^ (3.14) 

+ C f (V^i" + llVulli^) (1 + \\^9\\l, + ||V0||i2)' . 

Jo 

Proof. Multiplied by 9, it gives from Eq. (ll.ip n that 

~/|V«|= + c„/h«P 

— J (^\'^9\‘^divu — di9diU^dk9'^ — J Pdivu9 (3.15) 

+ y |Vu + {VuY''f + A(divtt)^^ 9, 
where 9 = 9t + u ■ V9 is the material derivative of 9. 
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To avoid the ||V0||^2, we follow as in [5] and handle the last term 
j (^||Vrt + (Vu)‘^|^ + A(div^x)2)0 
= ^/ (||Vn + (Vu)*’’|^ + A(divu)2)0 
— y (Vn + (Vu)*^) : (Vn + (Vu)*^)^ + 2Adivtidivni) 6 

+ J (||Vn+(Vw)*^|^ + A(divu)2)7x-V0. 


Notice that 


-^y (V7x + (Vw)*^) : {Vu + iVuY^)^e 

= —2fj, J Vu : VutO — 2fi J Vu : {VutY^O = Ji + J 2 , 

and in particular, 

Ji = —2/i J Vu : VutO 

=—2^ J (v u : V ii — diU^ diU^ dkVp'^ 6 — ^ J \Vu\‘^{9divu +u-VO), 

J 2 = -2/i j Vu : (VutY^e 

= —2/r J (^Vu : {VuY^ — diU^dju^dkU^'^ 9 — J diU^dju'^{9divu + u ■ V9), 

Then, 

-/i J {Vu + {VuY^) : {Vu + {VuY^)^9 

<C J (|Vn||Vu|0 +|Vu|30 +|Vu|2|V0|n) . 

A similar argument runs 

-2A j {divu){divu)t9 <C j (|Vu||Vh|0 + |Vn|^0 + |Vwp|V0|w) . 
Integration of (|3.15l) brings to 


< 


C + C J \VuY9 + C J\\Vu\\l^ J |V0| 



+ C I I {p9\Vu\\9\ + \Vu\\Vu\9 + \VuY9 + \VuY\V9\\u 


(3.16) 
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We estimate the last integral term on the right-hand side of (13.161) as follows. The 
Cauchy inequality shows 

c Ipe\vu\\e\ < +c||vn||i^|ivp 0 |ii.. 


For b G (0, ^), it follows from (|3.7I) . p.8l) and (|3.12p that 


C / |Vh||Vu|0 


< C||Vtl||^2 ||6(x 4 II l6||x4Vri|| 16 

L~^ lj8 — b 

< iWVpOh^ + ||V 0 b 2 ) ||xWu|||,||Vnp s 

<c\\Vu\\L2{\\^eU2 + \\veh2) 

+ v-'ii Vpnili + {\\Vp0h2 + ||V0||i2)t 

< C^|;^ (1 + IIVP^iii^ + ||V0||i.)' + c(W^iiWl, + \\Vu\\l, 


and that 


C j (|?r||Vu|2|V0| +0|Vu|3) 

< C (^||V6»||i2||ux“3||^j^ + ||Vu||i2||(9x"3||^j^^ ||x?|Vup||^^ 

<c{\\^pe\\L2 + \\ve\\L2) 

( 7 8+b 40+6 8+6 \ 

+ r- II vp^iij + {\\Vpoh2 + ||V0||^2)—j 

< (1 + \\^9\\l, + ||V 0 ||i.)' + C||Vp«|||,. 

In consideration of the last three inequalities, the (|3.16p satisfies 

I m^+l^wvpowi, 

<c + cj + C(^\Vu\\l, + \\^u\\l,'^ (3.17) 

+ C [ + l|Vn||ioo) (l -I- ||-y/p 6(|||2 + ||V0||^2) . 

Jo 

Again using (|3.13n for sufficiently small e, we receive the desired (I3.14p from (|3.9p 
and (j3.17p . 


Lemma 3.4 Assume 


Q-2 1 

T 2 < Ti and 


Then the solutions {p,u,9) of (|l.ip . (j2.1l) - (|2.2p satisfy 


sup {\\y/p9\\j^2 + ||V6(||^2 + ||^/pu|li2) 

+ {\\VpO\\l, + \\Vu\\l 2 ) <Cf;^\t), V tG[0,r2]. 


(3.18) 
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Proof. By defining 


gi= {pAuo + {p + A)Vdivtto), 

we compute 

/ /9|np(x,0) < limsup / p~^\p.Au + {p. + X)Vdivu — RV{p6)\" 

J t —^0-|- J 

y{poBo) 


< II5iIIl2 + ^ 




<C, 


L2 


in which the last inequality is valid because of 


y{poBo) 

< 

PqVBo 

+ 

L2 

6*0 Vpo 

y/PO 

L2 

y/PO 

ym 


L 2 

<c\\veo\\L2 + c\\eoV^h2 
<C + Cll^ox”2 ll^oo \Wpox°-\\m < C. 
Operating dt + div(u-) to the j-th component of Eqs. fjl.lD n. we get 
dt{p'iP) + dYv{puu^) — pdidiU^ — {p + X)djdivu 
=pdi (—diU^dkU^ + dwudiuA — pd^ (diU^diU^ 


(3.19) 


(3.20) 


+ {p + X)dj y—diU^dkU^ + divudivnj — {p + X)dk ydju^dWu 
- dj {Pt + div(Pu)) + dkidjU^P). 

If we multiply it by , add them up, integrate by parts, utilize (|3.8p . ()3.12p and 

Pt + div(Pu) = Rp6, (3.21) 


we infer 

< C ^||Vu||^4 + 11/5011^2 + ||p0|li4^ 

< C (||Vu||i4 + m\h + llpSlli°o||x-“0||i4) 

< + Cf^WVpOWh + / (1 + WVpBWh + ||V0||i,)' , 

which satisfies after integration in time 

llVpnlli, + f llVnlli, 

Jo 

<c + cm[ WVpOWh (3-22) 

Jo 

+ C f V’* (l + ||-\/^6*||i2 + ||V0||^2 + II V^u||^2) • 

Jo 

By ()3.14p one has 

m r wvpHh 

Jo 

< + cm\\^p^\2 + cm ^ (llVnllf, + IIVP^Ili) 

+ cm r (V’'" + iivuiiioo) (1 + IIvp^iii^ + iiv^iii^)'. 

Jo 
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For some sufficiently large constant iFi, a sum of Ki x (|3.14|) + (l3.22p concludes that for 
t G [0,Ti] 

11 ^^ 011^2 + || V 6'||^2 + \\ y / pu \\\2 + 

< + CV>||Vp«IIl2 + f liVnIli (3.23) 

Jo 

+ V'(i) [ + l|Vn||ioo) (l + ||v^ 6*||^2 + ||V0||^2 + IIVptt||^2) • 

Jo 

Noting 

n^pu^L^ + ci, fwviiWl, 

Jo 

we express (|3.23p as the form 


h{t)+ r 

Jo 


^2 + ||V'U ||^2 


< cv-''(t) + cm r + iivuiii.o) /f, 

2 o 


(3.24) 


where 


/(i) = IIV;^ 0 |li 2 + ||V 0 ||i 2 + ||V^n|li 2 . 


Observe from (12.6p and (13.2h that 

C'V’(t) [ (V’^'^ + ||Vu|||oo) < t • C'V’^^(t) + [ llv^uii^,^ 

Jo Jo 

q-2 5q-6 

< t ■ 

< •c'V’^®(t), 

solving directly the integral inequality p3.24p yields 

sup /i(s)+ [ (||VP^||i 2 + ||Vu|| 22 ) 

0<s<t Jo ^ ' 

< {cm^{i)-cm iivuiiioo)^ 

as long as 0 < t < T 2 with 

Ts < Ti and 

In the next lemma, we will derive an estimates on ||x 2 Vm||j;^ 2 . 


14 















Lemma 3.5 For all t G [0,T2], the solutions {p,u,9) of (|l.ll) . (|2.1|) - (|2.2|) satisfy 


sup ( ||x 2 Vu ||^2 + 11 x 2 


+ 


/ lk=\/p' 

Jo 


'U\\l2 


< 


C (^1 + t^^p^^{t)^ exp . 


(3.26) 


Proof. Multiplying Eas. fll.lD n by x°u and calculating it carefully, we receive 


2di J 

- A. 

dt 




(m|Vu|2 + {p + A)(divn)2) + J px^ 
f P{x^divu + u ■ Vx^) 

— J {Pt + div(Pn)) (x^divtt + u ■ Vx^) + J {u ■ VP){u ■ Vx^) 


+ J Pdju^dku^x’^ + J P(n-V)(n-Vx'*) 

— p j x’^ (^iU^diU^dkU^ — ^{diU^)^divi^ ^ ^ J 

— (^ + A) J x^ (^lYudiU^ dkU^ — ^(divu)^^ + J (divu)^u • Vx^ 

dr ^ 

= — y P(x^divrt + u ■ Vx^) + ^ /j. 

We need to estimate the terms /j (i = 1 ~ 8 ). A simple calculation shows 
|Vx^l < (7|x^-^Vx| < Cx^-t for 0 < 6 < | < 1 . 


(3.27) 


(3.28) 


By virtue of (|3.7D , (13.8|) , (|3.12l) , (I3.2ip and (|3.28l) , we estimate the first two inequalities 
as 


Ii<C 


-h—2L\ I 

+ x 2 ki 


I pmx^\vu\ 

< C\\px‘"\\l2\\^/pO\\L2 (l|Vn||i4 + ||x"tn||i4 

< (f^^+f^hvpuwh+f^kwvpnL^ + \m\L^k 


and 


< 2II Vp«iii2 + cw^nh + ^(11 Vp^iii^ + iiv^iiio + 

/2 < C^y |u|2(0|Vp| +p|V0|) 

< CllxVIl^i (||uxi(^-")||is||0xi('>-")|U4 + ||V0b.||ux^('’-t)||is) 


<C{\\Vp0\\h + \m\h) + C^f 


12 


Next, 


h + h < 


“1“ \\ux 2 koo 


) J xk|Vu|2+p202^ . 
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And the final four terms satisfy 


8 . 

5 

J x^’lVup 


< C 


L°^ H” \\ux 2 ll^oo 


_b 

\x^' 


Mh 


Therefrom, we deduce from ()3.27p that 
^Vulllz + / \\x 2 y/pi 

Jo 

' J pO (x^lVul + |u|) 

+ C j (^||Vu||l<x> + ||ux“t||^oo^ J(\Vu\‘^ + p‘^9'^) 

ft / 

+ C 


<c + c 


r' + \\^porL2 + \\vd\\i, + \\^pe\\iA. 


By (|3.4p . Cauchy and Holder inequality, it satishes 
C j pO (x^lVul + |u|) 


< 


|Vu|V + c I /9W + c||Vp«IIl=IIVp^IIl2 


<_ / |Vu|^x'> + C / /5W + C||Vp0||i2, 


and whence, (I3.29h satisfies 

^ Vm ||^2 + / || x 2 ^' 
4o 


_ 6 




<C + C||Vp0||i2 + C||x2p0||2, 
rt 

C I \loo + \\ux 2 11^00 



/o 


X 2 Vu ||^2 + 11x2^01112 


+ cj^ + \\^0\\l, + ||V0||i2 + WVpHhj ■ 

To deal with the term 11 x 2 ^ 011 ^ 2 , we multiply Ea. dl.lll n by pOx^ and get 

f pe2^'> + (| + R) / 


/■ 


p^e'^u ■ Vx® + 




I (I |Vu + (Vu)*^|^ + A(divu)2 + kA 0) p0x^ 


(3.29) 


(3.30) 
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Since 


K J A 6 p 6 x^ 

= -K y V0 (^px^Ve + Ox^Vp + pOVx^ 
<c\\px%LAve\\l, 


+ c\\ve\\L2[\\x^-^e\\ 2. Wx'^vpW 2 , + iix"niir.iix-°g|i 2 , 

\ (g —2)C-^—b) g—(q —2)(^ —6) L'q 2 

<cv>2(IIVp0|li2 + ||v0|ii.), 

then 


L^ + \\UX 2 ||j;^oo ) ( ||X2 (|VU 



\\x-^pe\\l2 <C + C 

+ c l\^{\\^pe\\l, + \\ve\\l,). 

Jo 

The combination of (j3.3np with (j3.3ip leads to 

\\x^Vu\\l2 + \\x^p0\\l2 + y \\x^yjpu\\l2 
<C + C\\^9U2 

+ cj ^||Vu||loo + ||na: ^ V'u ||^2 + ||® 

+ C y {\\y/pd\\‘j^2 + ||V 0 ||^ 2 ) + ||-\/p^|| 1,2 

Making use of (I3.9|) and 

c[ \\Vpu\\l2<^[ Wx^VpuWh+c, 

Jo ^ Jo 


we conclude from ()3.32p that 

/2(t) + [ \\x^y/pu\\l2 < C 
Jo 



LOO + \\ux 2 ll^oo T'i/’^ ) /2 


+ c/ i^i,^^ + i;^ve\\l2 + \\Vpe\\l2)+c, 


(3.31) 


(3.32) 


(3.33) 


where 


f2{t) = ||x2Vn||^2 + \\x2pe\\^2 + \\^/pO\\L2. 


Observe from (12.4p . (|3.7I) and (|3.18p that for any t G [0,r 2 ] 

^ 2 

<ctV'i5(t)+oa (y \\vpHi 2 y 


(3.34) 
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and 


C 


f 


L°° + \\ux 2 


< c 


\l 2 + \\V‘^u\\l<i + \\ux 2||^4 + ||V(nx 2)||l4+'0^^ 

<cf (llV^ulli? + V’^) < 

Jo 

we get (I3.26D by means of the Gronwall’s inequality and (|3.33|) - (I3.35|) . 


Lemma 3.6 For q E (2,oo), it holds for t E [0,T2] 

Jo 

Proof. From (j3.2p and ()3.7p we obtain 

\\V{pu)\\l^ <C (^||/j||l°° ||Vt6||£,2 + Wpx^Wwi,^'^ 

(l|Vu||z ,2 + Wy/piih^), 


and thus for g E (2, oo) 


\\pu\\l<i <C\\pu\\l2\\V{pu)\\J 

<Cf;^ (^\\^uh2 + llVP^IlillVnliy) . 


Utilizing p2.18p and (j3.12p . it gives from Eg. dl.lD n that 

\\^"0h2 

<c{\\peh2 + \\pe\vu\h2 + \\vu\\%) 

< c (V’"IIVp^IIl 2 + ||xV||i^||x-“0||i4 + ||Vu||i4) 

< c II vp0||l2+V'V II +V'" iwvpnh + w^nh)) • 

By this we have 

||V(p0)||l, < CllxVIlwi,. {\\ 0 x -^\\ l ^ + ||V0||i.) 
<CV^(||0 x-“||m + ||V0||l,) 

< (^\^pe\\^, + ||V0||^2 + ||V0|||,||v20||y) 

<c{i;^ + V^'^dl VP^||i2 + ||V0||i.) + II Vp^||l2) 

+ Ci;^\\ver^2\\^pe\\j. 


(3.35) 


(3.36) 


(3.37) 


(3.38) 


(3.39) 
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Therefore, it follows from (|2.18ll . (I3.37D . (13.3911 and Eas. (ll.ll ) 2 that 


C J llV^ttlllqds 
<c [\\\pu\\h + \\v{pe)\\h) 

Jo 

pt / 4 2(<?-2) gg_2 4 2(g-2) 

<Cj^ +V'~I|V0||2 ,||Vp0 ||^/ 

+ c f {^I^^WVp^h + V’® + i’^^iWVpewl, + ||V0||i.)') • 

Jo 

From (j3.18p we infer 

/ t / 4 2(9-2) g 4 2(9-2) \ 

+V'~I|V0||22 |IVp^||^2^ j 

< CtiV'®(i)sup(||VP'«llL2 + l|V0||i2)^ (l|Vh||^2 + \\y/p0\\l2'j^ 

and 

c [ + V’^^dl V^6'|||2 + ||V(9|||2)^) < 

Jo 

The required (I3.36P thus follows from the last three inequalities. 


Lemma 3.7 It satisfies for q E (2, oo) 

sup (||x“p||iinu/i.'J + I|VVI^||l 2 ) < Cexp . (3.40) 

Proof. One derives from Eq. pi.ip ^ that 

{px°‘)t + div(upx“) — aupx°‘ • Vlnx = 0. (3-41) 

By (13.411 . it has 



where the last inequality owes to o < 2. Thus, 

\\x°-p{t)\\Ll < Cf 


(3.42) 
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Next, if we multiply (I3.4ip by {■sjx°'p) differentiate it in x, and then multiply the 
resulting expression by we infer 

^I|V\/ 1 vIIl 2 

< C (||Vu||l°° + ||rtV Inxllioo) ||VV1 V||l 2 + C'||\/i^|| 2, ||V^u||l9 (3.43) 

+ CllyOx^lll^idlVuVlnxIlLoo + ||uV^ lnx||icxi). 

Making use of (|3.35l] and (13.421) . we have 

(llVullioo + ||uVlnx||L“ + ||uV^ lnx||L°° + ||VuV Inxll^oo) 

< C (||Vu|| 1^00 + ||ux 2 II ]^oo ^ 

< C + ||V\||l,) , 

by this, (13.431) is simplified as 

^ (1 + IIVVIvIIlO + IIV^uIU,) (1 + IIVVIVIIlO ■ (3-44) 


Similarly, operating V to p.4ip . and multiplying it by g|V(px^)|^ ^V(px^), to dis¬ 
cover 

^ (1 + ||V(px“)||iO <C{i;^ + ||V\|U,) (1 + ||V(/9x“)||iO . (3.45) 

By (13.351) . exploiting the Gronwall’s inequality to (13.441) and (I3.45p gives 

sup (||Vv^||l 2 + ||V(px“)||z,9) 

0<t<Ti 

<C7exp|^*(V^2^ 

This combines with (13.421) complete the proof of Lemma 13.71 

By (13.21) . the definition of 'ip, we deduce from Lemmas 13.5113.71 that for any t € [0, T 2 ] 

tpit) <c(l + t^^®(t)) exp {f^V'^(t)} + + Cexp 

< G (1 + exp {t"V’^(i)} > 

where a = min{|, If choosing 

M = 2Ce and T* = min{T 2 , M~~}, 


iV^ul 


iOj - C'exp {Vti-p. 


we get 


sup V'(^) < M. 

0<t<T, 


Once ()3.46p is obtained, it yields from (|3.1ip . (|3.18p and (I3.25P that 

sup {\\^/p^\\L^ + I|V6(||2,2 + ||V^u||2,2 + \\^/pu\\L'2) 
o<t<r« 


+ 

/o 

< Cm- 


f 


\,2 + ||Vtt|||oo + ||Vm|||2 


(3.46) 


(3.47) 


Step 2. Higher order estimates for 9 
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Lemma 3.8 The solution {p,u,9) of (|1.1|) . (I2.1|) - (12.21) satisfy 


sup (WVp^Wl^ + \\'^0\\m) 

o<f<r. ^ '' 

+ {\m\h + llv'^IlL + Iiv0||i^) ds < a 


Proof. Define 


92 = Po^ ^ |Vno + (Vno)*''|^ + A(divtto)^) 


and compute 


p|0f (x,0) < limsup / p \p/\u + [p + \)Vd\YU — RV{p6)Y 

t —^oh- J 

< \\ h \\\2 + C'|Iv^^o|Vuo|||l2 

< c. 


Next, operating dt + div(tt-) to Ea. dl.ip o receives 

Cv {dt{pO) + div(ttp0)^ — k/\6 
= KdivuAO — Kdi{diU ■ V6) — ndiU ■ Vdid 
— RpOdivu — RpO ^divn — dkU^diu^^ 

+ |Vu -|- (Vu)*'’!^ -|- A(divtt)^^ divu 

-I- p [diU^ + djU^) [diiP + djiP — diu ■ Vu^ — dju ■ Vu*) 

-|- 2Adivu ^divtt — dkU^diu^'^ . 

After multiplied by 0, it gives 

<C j |0||Vu||v20|+(7 j |Vup|V0|2 
+ C [\e\ (^p\e\\Vu\ + p0|Vup + pe\Vu\ + |Vn||Vu| + |Vnp) . 


It follows from (13.81) . (|3.38l) . (|3.46l) and (I3.47P that 

C J |0||Vu||V20| 

<c\\v^eh4x-U\\^i,\\x'^Vu\\^^ 

< C [\\^9h2 + l) [WVpnA + I|V0||l2) ||xWu|||,||Vu||J 
<C\\VpO\\l, + ^\\V9\\l, + C, 


(3.48) 


(3.49) 


(3.50) 
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C j (|Vup|V0|2 + p|0|2|Vn|+/50|0 ||Vu|2) 

< c (1 + llVuiiioo) {\\ve\\l, + \\^6\\l, + W^nh) 

<c(i + ||Vu||ioo) (i + WVpHh), 

and 

C j p^l^llVnl < C'||/9 x“||l°°||x“26»||^4||x“20||^4||V'u||^2 
<c{\\^e\\L2 + \\veh2)\\Vuh^ 

<c\\^e\\l, + c\\v^l, + ^\\v9\\l,. 

Again by (j3.8p . (j3.46p . (j3.47p . and interpolation theorem, 

C J\e\\Vu\ (iVhl + |Vu|2) 

< C {\\Vu\\l2 + ||Vw||^4) \\x-U\\^i6 \\x^Vu\\^^ 

<C(||Vh||i2+l)(||Vp0||L2 + ||V0||^2) 

<c(l + ||Vp0|li2 + ||Vh||i.)+i||V0||i.. 

Substituting the last three inequalities back into (I3.50p receives 

jtWVpOWh + \m\l, <c{i + livniiioc) (i + W^ewl,) + c\\vu\\l„ 

which yields by means of (13.491) . (13.471) and Gronwall’s inequality 

sup \\y/pO\\L 2 + [ \\V9\\l2ds < C. (3.51) 

0<t<T, Jo 


As a result of (j3.5ip . it satisfies from (I3.38|) . (I3.46|) and (I3.47p that 

sup ||V0||j:^l < C 

0<t<T* 


and 

\\V{p9)\\l2 <C (iIpIU^ \\V9\\l 2 + Wpx^w^. 

<C\\\79\\l2+C. 

Furthermore, for q G (2, oo) 


WpHl. < C\\p9\\l 2 + C\\p9\\l\\V{p9){j <c(l + \\V9{j 


and 


(3.52) 


\\p9Vu\\l. + llVnlli^, < C {\\p9\\l2, + llVulli.,) < C. 
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Hence, the last two inequalities and Eg. Ul.lD n guarantee that for q E (2,oo) 

W^^oWl. <c(\\pe\\L. + \\pe\Vu\\\L. + llVuHi^, 


<c[i + \\ve\\[i 


This, along with ()3.5ip and ()3.52p . shows 

r (IIv^llioo + IIv^^iii,) ds<c + c r \\ve\\l, < c, 

Jo Jo 

which together with (|3.51l) - (l3.52p imply (13.481) . The proof is completed. 

4 Proof of Theorem II.11 

Now we are ready to prove Theorem 11.11 the existence and uniqueness of strong 
solution to the Cauchy problem (ll.ip - (ll.4ll . 

Existence of strong solutions 

Let {po,uo,9o) be the functions defined in (II.4|) which satisfy the hypotheses (II. 6|) - 
m imposed in Theorem ll.il Without loss of generality, we may choose ||/5 o||li(r2 ) = 
1, and therefrom, for some large Rq E [1, -f) 


IB 


po{x)dx > 


Rq 


Construct approximate functions 0 < Pq E (^^(IR^) such that as i? —>• oo 

^ in n 

V —)■ V in L^(]R^), 

IlibSHo) - 


(4.1) 


R\ 


Consider the solution to the elliptic system 


-pAu^ - (h + A)Vdivn^ + in Br, 


Uq = 0 , 


on BBr, 


(4.2) 


where p^ = Pq + R ^e > 0 and hf = {y/pouo + gi) * Jr-i with Jr-i being the 
standard mollifier of width R~^. We claim 


Po'^o - V^uo 


L2 


= 0 . 


In fact, extending Uq to by zero and multiplying (14.211 by Uq yields 
[ \Vu^\^ + [ P§\u^\^ <C [ |hf |2 < c. 

JR2 JR2 Jr2 

With this inequality, (|2.18p . and (|4.ip - (|4.2l) . we furthermore deduce 

< C. 


(4.3) 


(4.4) 
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Then, there is a limit function u^o such that, up to some subsequence, as Rj —)• oo 


'Po^Uq^ ^ ^Uoo in - Vuoo in (4.5) 

So, it is easy to check from (14.ip . (14.2h and (14.5h that the Uoo solves in 


-pAuoo - {p + A)VdivUoo + PoUoo = PqUq + i 


in 


This together with (HB ensure 

/ V{uoo - uo)Vifdx + / po{uoo - uo)ipdx = 0, V (/? G C) 
Jr^ 4k2 


o“(R 2 ) 


and hence 


Uqq — uq- 


(4.6) 


Multiply (|4.2p by Uq \ and utilize (|1.7P ' (|4.1P ' (|4.5p . to 


receive 


Rj —^oo 

< 


limsup(/r / \V Uq^ + {p + X) I |divn^^|"'+ / Pq 


Rjl2 


I . .^3 I 2 


\Ur, 


P |Vuo|^ + (// + A) / |divuoP+/ /0oko|^ 

Jr2 JR2 Jr2 


This inequality together with ra . gsp, and the weakly lower semi-continuity of 
norms, provide that 


lim / / |Vuo|^, lim 


Rj^oo 


Rj I Rj 12 _ 

Po Po I = 


/ Poluol"^. 

4r2 


(4.7) 


Due to the arbitrariness of subsequence, (03])-(SH, we obtain 


^ 0 ) 11^2 + 


i ?—>00 

By a similar argument, one has 


Po^o - V^uo 


L 2 


= 0 . 


ji^(||v2(u«-uo)||^.) =0. 

The (14.31) thus follows. Consequently, it gives from (11.61) . (13.191) and (14.21) that 

I|5i||l2<C. 

Next, we consider the solution 9^ of the following 


-kA6§ + pI^6^ 

= f \Vu§ + (Vu^)*"’!^ -h A(divu^)2 + in Br, 

9a = 0, on OBr, 


where = (v^^o + § 2 ) * Jr-^ ■ We will prove 


(4.8) 


(4.9) 


lim { ||V 0 ^-V 0 o|Li + 

i ?—>00 ' " 




L 2 


= 0 . 


(4.10) 
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To see this, multiplying (I4.9|) by 9^ gives 


R 
0 *^0 


2 

L 2 


Iiv0o^lli2 + 

<C\\\Vu§\X\\l^+C 


R 
0 *^0 


L 2 


\h^\\ 

r2 \\l^{Br) 


< Cll^o X 4|| ]^||x4Vtto||L2||Vuo|| 16 +C 

±j a H--a 


R 
0 *^0 


L^{Br) 


m 


L 2 


< 2 II Wlli2 + 


R 
0 *^0 


+ c, 




where we have used (|4.3p and (I4.8p . Thus 

\Mo\\l^ + 


R 
'0 ‘^O 


< C. 


L 2 


This inequality, together with (14.3p . p2.18p . p4.9p . deduces 

I|v20o''IIl2 < 

Therefore, there is a limit function 9oo such that 


inL"(M"), vC^V 0 oo in 


Ri 


(4.11) 


It follows from (14.ip . (14.311 . (14.911 . (14.1111 and pi. 8 p that 0oo = 9q. And a similar 
method runs that 


lim / \V9q^‘^ = / |V0o| 

Rj^ooJ^2 

which again with (14.lip ensure 

lim (||V 0 ^-V 0 o|' 

R^oo \ 


hm / I po|0o|^ 


+ 


'(^^0 ~ 


= 0 


L 2 (K 2 )^ 


and 


||V^(6(,f - 6'o)||2,2(]R2) —^ 0, 

as i? —>■ oo. These last two inequalities give birth to the (Id.lOll . and furthermore, 

\\92\\l^<C. (4.12) 

In view of Lemma l2.ll the problem (jl.ip . (I2.1I1 - (|2.2I1 with the initial data replaced 
by {po,u§,9§) has a unique solution {p^,u^,9^) over Br x [0,Tr] for some Tr > 0. 
Moreover, all the estimates in Proposition 13.II hold true for {p^,u^,6^) over [0,T*] for 
some r* > 0 independent of R. 

Extend {p^,u^,6^) to by zero and denote 

pR = [ct>^fpR^ u^ = {cpyu^, e^ = i^ye^, 
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where is taken from (13.51) . We first deduce from (13.31) and (13.51) that 

sup ( ||v^'«^IIl2(]R2) + ||\/^^^IIl 2(IR2) + ||/5^x“||ilnI,oo(R2)) 

<C sup (||v^m^||l2(r2) + ||v^(9^||l 2 + ||p^x“||iinLoo(R2)) < C, 

o<t<n ^ ^ 

and whence, 


0<f<T + l|V\/p^X“||i2(R2)) 

<C sup (||p^x“||^yi,,(R2) + ||v^P^||^i(r2)) < C. 

o<t<n ^ ^ 

By Holder inequalities, it gives from (|2.17|) . (|3.5p . (|2.19|) and (|3.3|) that 

11^2(5^) 

< CNo\W^\\L^{BNg) + CR ^|||x| 2 m^||^ 2 (b^\Sjvo) 

< C + C\\\x\ 2 

<C+ Cj^\\x^Vu^\\l2^Br) <C, for 6 e(6, |). 


This and ()3.3p imply 

sup (\\x^Vu^\\l2(k2) + \\V^U^ 

\<-KT: \ 


0<£<T* 


<C sup (\\x 2 Vu^\\l 2 (^ 2 ) + \\Vu^\\hi{r2) + \\x 2 u^V(P^\\l 2 (Bii)) 

0<t<T* ^ ^ 

<C, 


sup ||V0 '^||j^i(r2) < C (||V6(‘^||j^i(r 2) + ||V(/)‘^6(‘^||i2(R2)) < C. 

0<t<T* 

Additionally, 

£‘ (liv"i®iii,„«) + Iiv¥«iii,„,,) 

< c£' + ||Wp„,j.,) 

< C. 


Next, it gives from (|3.35l) and (I3.40p that 

r-T. 

11 _ a I 

Il‘j(k2) 


\x2dtp^"‘^ 


10 


< C 


I 


|xiu^Vp^||^,(R2) + ||x2p"divu^ ||^,( 

< C. 




10 


(4.13) 


(4.14) 


(4.15) 


(4.16) 


(4.17) 


(4.18) 
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Let {u^y = dfU^ + ■ Vn^. It yields from (|3.4p . (|3.7p and (|3.3p that 

sup ||v^(«^) 1 Il 2 (k 2 ) 

0<t<n 

<C sup (||v^('«^)'||l 2 (R 2 ) + ||\/p^^^^IIl 2 (r 2 ) + ||v^|'(^^||V'U^|||i 2 (R 2 )) 

0<t<T* V / (4,19) 

< C' + C'||p^®“|||^(jj2^^SUp^ (ll®"^''^^llL4(R2)||Vu^||i4(R2)) 

< c. 


In terms of p2.19p . p3.3p . Poincare inequality, we obtain 


-^ [ (|I^(^^) IIl 2(E2} + ^ ^ll(^^) Ili2(0fl)) 

^ 0 

^o<t^ (ll^^'^lli4(R2) + R ‘^\\u^\\l^(Bji) + ll'“^lli°°(Sfl)ll^^'“^lli2(R2)^ 

<c, 


where in the last inequality we used 




u 


R\\2 


< c\\u 



< C. 


Thanks to (j2.I9p . (13.8p and (j3.3p . a similar argument concludes that 


sup 

0<t<T, 



l|V(0'')-||i2(R2) 


< c. 


(4.20) 


(4.21) 


These inequalities p4.13p - p4.2ip ensure that the sequence (p^, 9^) converges, up 

to some subsequences, to some (p, u, 6) in weak sense as R ^ oo. 


x°‘p^ x“p 

V a/ p^x°- Vy/px°- 

^ ^u, ^9^ ^ ^9 

^{u^y - ^pii, ^{9^y - ^9 
Vu^ ^ Vu, V9^ V9 
, v{u^y vii, v{9^y V9 

and for any N > 0 

x^p^^x^p in (7 ( 


weakly * in L°° (O, T*; IPb<?(K 2 )^ . 
weakly* in L°° (O, T*; L^(M^)) ; 
weakly * in L°° (0,T*; L^(M^)) ; 
weakly in (O, T*; L'^(M^)) ; 
weakly * in L°° (0,T*; L^(R^)) ; 
weakly * in L°° (O, T*; LI^(M^)) ; 
weakly in (O, T*; L^(M^)) ; 

(4.22) 

•N X [0, T*]) . 


Therefore, for any </> G (^“(IR^ x [0,T*)), we may choose (/>((/)^)^ as a test function for 
the IBV problem (jl.ip . p2.ip - (|2.2p with the initial data replaced by (p^, Uq, 9q ). Via a 
standard limit procedure, we conclude that (p, u, 9) solves the original problem (jl.ip - 
m, and moreover, satisfies the property (jl.9h . So far, the existence part of strong 
solutions to the (HID-dLl]) is established. 

Uniqueness 
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It remains to show the solution in Theorem o is unique in this regularity class. 
Firstly, for some large R* we have 

x“/9 G L°°(0, T*; L^(]R^)) and inf [ p{x,t)dx>\. 

te[o,T.] 4 

Next to show {p, u, 9) and {p, u, 6), the two solutions described in Theorem ll.il must 
be identical. For this we define 


^ = p — p, = u — u, & = 9 — 9. 
Subtracting Ea. (|l.ll) ^ satished by {p,u,9) and {p,u,9) leads to 
+ it • V4> + 4>divu + pdivT + T • V/? = 0. 


(4.23) 


Choosing /3 G (l,a) such that 2 < g_(^q_^ 2 )(a-p) ^ multiply (14.231) by 2^x^^ and 
deduce 


ioo + \\ux 2 ||j;^oo'j ||<hx ^||^2 + C||p3;^||2,oo ||V'I'||j ;^2 ||<hx ^||^2 


< c 

+ C||d'x^||r2||Tx-(“-^)|| 2, ||x“Vp|| 2, 

< C (1 + liv^nlli,) llchx^ll^^ + C||$x^||i2 (IIVTIU 2 + II 

< C (1 + IIV^uIIl?) 


(4.24) 


i2 + ||VP'I/||i2j+C||VT||i2, 

where the second inequality follows from (II.9p . (|3.7I) . and (13.3511 . 
Second, it gives from the momentum equations that 

pTi + pu ■ VT — pAT — V {{p + A)divT) 

= —pT • Vu — + u ■ Vh) — V (p0 + 4>0) 

Observe from (II.9p . (13.7p and (13.Sp that 


(4.25) 


- V (p0 + $0) ^ = / (p0 + m) 

JR2 JR2 

< C||VT||^2 (||p0||^2 + \\9x-^\\L^\\x^nL^ 
<C’l|V4/b2f||V^0b2 + ||x/'<I>|U2 


and 

C||$T(|iii| + |n||Vh|)||ii 

< C'||<I>x^||2,2||Tx“‘^ IIl4||(u)'x“2 11^4 

< C\\^x^h2 iWVpni^ + l|V4/||i2) (1 + ||Vii||i2). 

With the last two inequalities, integrating p4.25p after multiplied by 'h yields 

< C||Vu||loc||Vp' 1/||^2 +C||4>T(|ii4| + |ii||Vh|) H^i 


(4.26) 


:IIV^4/||i2 + ||VT| 


L2 

2 


- [ V(p0 + 4>0)T 

iK2 

<C(l + ||V2t2|U, TllVhll^^) 


(4.27) 


^2 + ||x^<l>||^2 + |IVP0|li2^ . 
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Minus Eg. fll.lD o satisfied by {p,u,9) and {p,u,6) yields 


pQt + pu -VQ — kAQ 

= -p^ -ve -<^{et + u-V9) - i?/)0div^ -R{pe + M) divu 
+ : (Vu + (Vm)*'’ + Vu) + pVu : + Adiv^'div(u + u). 

After multiplied by 0, it takes the form 

^llV^eili^ + llveili^ 

<C||V0n|ic.||V^0||^.||V^xk|U.+C|||$||(0)'||0|||ii+C||/>0|V^||0|||ii 
+ C||(H0| + |‘h||0|)|0||Vu||Ui+C|||V'k|(|Vu| + |Vn|)|0||Ui. 

Similar argument as (|4.26p runs that 

C|||‘h||(0)1|0|||Li + ||(H0| + l‘J>l|0l)|0||Vu|ki 

< C||$x^||i2||0x-^||i4 (||(0)x-f ||i4 + WVuWl^Px-^Wl,) 

+ c\\vu\\L^\\^e\\l2 

< C\\^x^h2 (IIVp0|Il 2 + l|V0h2) (l + \\V§\\l2 + llVulU^) 

+ C||Vu||ic.||V;^0||2, 

< c (i + wvHi, + iiv^uiii,) (iivp0|ii2 + + ^Iiv0|ii2. 

By (II.9p and (|3.8I) . it satisfies 

C||p0|V4^|0bi < C||Vd/||i2||px“||i..||0x-f |U^||Vp0||l2 
<C||V'1/Iii, + C|iv^0|li. 

and 

C|||VvI/|(|Vu| + |Vu|)|0|||ii 
<C||V'l/||i2||a;-t0||^«||a;5(|Vu| + |Vu|)||^^ 

< C||Vd/||i2||x-i0|| « ||xi(|Vn| + |Vu|)|||,|||Vu| + |Vu|||" « 

Lb ^ 

<c||vd/||i. + c||Vp0|li2 + ^||V0||i.. 

Taking the above three inequalities into account, we arrive at 

J(ll%/?e|li. + live|ii, 

< c (i + II vSiii, + II v^uiii, + II V^fl'lli,) G + C|| v^iii,, 

where 

G^liyp0|li2 + iivp'i^lli2 + ii4>x/'lli2. 

In conclusion, ^4.241) + K 2 x p4.27p + p4.30p provides that 

G'{t) < C (1 + llV^nllL + IIV^^IIL + llV^lli^ + llV^ili.) G, 


(4.28) 


(4.29) 


(4.30) 


(4.31) 
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so long as K 2 is chosen sufficiently large. Owing to (11.91) and G(0) = 0, we integrate 
()4.3ip and conclude G{t) = 0 for any t € [0,T*], and therefrom, 


p = p, u = u, 6 = 9, a.e. {x,t) E x (0,T*). 
This is the end of the proof of Theorem 11.11 
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